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Lower bounds of Lipschitz constants on foliations
Guangxiang Su∗
Abstract
In this paper we consider Llarull’s theorem in the foliation case and get a
lower bound of the Lipschitz constant of the map M → Sn in the foliation case
under the spin condition.
1 Introduction
In [2], M. Gromov conjectured the following.
Conjecture 1.1. (Gromov) Let g be a Riemannian metric on Sn such that g ≥ g0
where g0 is the standard metric of constant curvature. Then the scalar curvature kg
must become small somewhere, more precisely, inf kg ≤ c(n)kg0 , where c(n) ≤ 1 is a
constant that depends on the dimension n, with best constant when c(n) = 1.
A map f :M → N between Riemannian manifolds is said to be ε-contracting if
‖f∗v‖ ≤ ε‖v‖ for tangent vectors v to M (cf. [4]).
The normalized scalar curvature of a manifold M of dimension n is defined as
k˜ =
k
n(n− 1) ,
where k is the usual scalar curvature.
In [6], M. Llarull proved the following theorem which confirmed Gromov’s con-
jecture.
Theorem 1.2. ([6]) Let M be a compact Riemannian spin manifold of dimension n.
Suppose there exists a 1-contracting map f : (M,g) → (Sn, g0) of non-zero degree.
Then either there exists x ∈M with k˜g(x) < 1, or M ≡ Sn and f is an isometry.
Recall that for a map f : M → Sn the Lipschitz constant (cf. [3, 4]) is defined
by
Lip(f) = sup
x1 6=x2
distSn(f(x1), f(x2))
distM (x1, x2)
.(1.1)
In [3, Section 3], Gromov pointed out that Theorem 1.2 is related to the problems
of the Lipschitz constants of the maps M → Sn.
Let F be an integrable subbundle of the tangent vector bundle TM of a closed
smooth manifold M . Let gF be a metric on F , and kFg ∈ C∞(M) be the associated
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leafwise scalar curvature (cf. [7, (0.1)]). Let k˜Fg be the normalized leafwise scalar
curvature, i.e.
k˜Fg =
kFg
dimF (dimF − 1) .
In this paper, we prove the following theorem which partly generalize Theorem
1.2 in the foliation case.
Theorem 1.3. Let M be a closed Riemannian manifold of dimension n and F
be a foliation on M . Suppose TM or F is spin and there exist a smooth map
f : (M,g)→ (Sn, g0) of non-zero degree such that for any v ∈ Γ(F ), ‖f∗(v)‖ ≤ ‖v‖.
Then there exists x ∈M with k˜Fg (x) ≤ 1.
From Theorem 1.3, one sees that the leafwise scalar curvature is also related to
the lower bounds of the Lipschitz constants. If k˜Fg > 1, then there exists v ∈ Γ(F ),
such that ‖f∗(v)‖ > ‖v‖. So from Theorem 1.3, one has the following theorem.
Theorem 1.4. Let M be a closed Riemannian manifold of dimension n and F be
a foliation on M . Suppose TM or F is spin and k˜Fg > 1, then for smooth maps
f : (M,g)→ (Sn, g0) of non-zero degree, we have Lip(f) > 1.
Our proof of Theorem 1.3 combines the methods in [6], [7] and [8]. It is based on
deforming (twisted) sub-Dirac operators on the Connes fibration. It will be carries
out in Section 2.
2 Proof of Theorem 1.3
In this section, we give a proof of the main theorem. We give the details for the case
TM is spin, F is spin is similarly.
If there does not exist any point such that k˜Fg ≤ 1, then there exits δ > 0 such
that k˜Fg (x)− 1 ≥ δ, for any x ∈M .
2.1 The dimension of M is even
Over (S2n, g0), we have the spinor bundle (cf. [5])
E0 = PSpin2n
(
S2n
)×λ Cl2n,(2.1)
with the induced metric and connection from (S2n, g0). Fix x ∈ S2n and choose
local point wise orthonormal tangent vector fields around x, {ε1, ε2, . . . , ε2n} such
that (∇εk)x = 0. Let ω0
ω0 = i
nε1 · ε2 · · · ε2n.
Then ω0 gives the splitting
E0 = E
+
0 ⊕ E−0
into the +1 and −1 eigenspaces of ω0.
Fix p ∈ M . Let {f1, . . . , f2n} be a g-orthonormal tangent frame near p ∈ M
such that (∇fk)p = 0 for each k. Let {e1, . . . , e2n} be a g0-orthonormal tangent
frame near f(p) ∈ S2n such that (∇ek)f(p) = 0 for each k. Moreover, the bases
{f1, . . . , f2n} and {e1, . . . , e2n} can be chosen so that ej = λjf∗fj for appropriate
{λj}2nj=1.
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Assume {fj}, 1 ≤ j ≤ dimF , is a base of Γ(F ). By assumption, we have λj ≥ 1,
1 ≤ j ≤ dimF .
Following [1, Section 5] (cf. [7, Section 2.1]), let π : M → M be the Connes
fibration over M such that for any x ∈ M , Mx = π−1(x) is the space of Euclidean
metrics on the linear space TxM/Fx. Let T
VM denote the vertical tangent bundle
of the fibration π :M→M . Then it carries a natural metric gTVM.
By using the Bott connection on TM/F , which is leafwise flat, one lifts F to an
integrable subbundle F of TM. Then gF lifts to a Euclidean metric gF = π∗gF on
F .
Let F⊥1 ⊂ TM be a subbundle, which is transversal to F ⊕ T VM, such that
we have a splitting TM = (F ⊕ T VM) ⊕ F⊥1 . Then F⊥1 can be identified with
TM/(F ⊕ T VM) and carries a canonically induced metric gF⊥1 . We denote F⊥2 =
T VM.
Set E = f∗E0. Let E = π∗E be the lift of E which carries the lifted Hermitian
metric gE = π∗gE and the lifted Hermitian connection ∇E = π∗∇E . Let RE = (∇E)2
be the curvature of ∇E .
For any β, ε > 0, following [7, (2.15)], let gTMβ,ε be the metric on TM defined by
the orthogonal splitting,
TM = F ⊕F⊥1 ⊕F⊥2 , gTMβ,ε = β2gF ⊕
gF
⊥
1
ε2
⊕ gF⊥2 .(2.2)
Now we replace the sub-Dirac operator constructed in [7, (2.16)] by the obvious
twisted (by E) analogue ([8, (1.3)])
(2.3) DE
F⊕F⊥1 ,β,ε
: Γ
(
Sβ,ε
(
F ⊕ F⊥1
)
⊗̂Λ∗
(
F⊥2
)
⊗ E
)
→ Γ
(
Sβ,ε
(
F ⊕ F⊥1
)
⊗̂Λ∗
(
F⊥2
)
⊗ E
)
.
Take a metric on TM/F . This is equivalent to taking an embedded section
s : M →֒ M of the Connes fibration π : M → M . Then we have a canonical
inclusion s(M) ⊂M.
For any p ∈ M\s(M), we connect p and s(π(p)) ∈ s(M) by the unique geodesic
in Mpi(p). Let σ(p) ∈ F⊥2 |p denote the unit vector tangent to this geodesic. Let
ρ(p) = dMpi(p)(p, s(π(p))) denote the length of this geodesic.
Let f : [0, 1]→ [0, 1] be a smooth function such that f(t) = 0 for 0 ≤ t ≤ 14 , while
f(t) = 1 for 12 ≤ t ≤ 1. Let h : [0, 1]→ [0, 1] be a smooth function such that h(t) = 1
for 0 ≤ t ≤ 34 , while h(t) = 0 for 78 ≤ t ≤ 1.
For any R > 0, denote
MR = {p ∈ M : ρ(p) ≤ R} .(2.4)
Then MR is a smooth manifold with boundary.
On the other hand, the following formula holds onMR (cf. [7, (2.28)], [8, (1.4)])
(2.5)
(
DE
F⊕F⊥1 ,β,ε
)2
= −∆E,β,ε + k
F
4β2
+
1
2β2
rkF∑
i,j=1
RE(fi, fj)cβ,ε(β
−1fi)cβ,ε(β
−1fj)
+OR
(
1
β
+
ε2
β2
)
,
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where−∆E,β,ε ≥ 0 is the corresponding Bochner Laplacian, kF = π∗kF and f1, · · · , frkF
is an orthonormal basis of (F , gF ).
Since [6, Lemma 4.3] and [6, Lemma 4.5] hold for fixed (i, j), proceeding as the
computations in [6, Lemmas 4.3, 4.5], for any φ ∈ Γ(Sβ,ε(F ⊕ F⊥1 )⊗̂Λ∗(F⊥2 ) ⊗ E)
supported in MR, one has
(2.6)
〈
1
2β2
rkF∑
i,j=1
RE(fi, fj)cβ,ε(β
−1fi)cβ,ε(β
−1fj)φ, φ
〉
≥ − 1
4β2
dimF (dimF − 1)‖φ‖2.
Then by (2.5) and (2.6), for any φ ∈ Γ(Sβ,ε(F ⊕ F⊥1 )⊗̂Λ∗(F⊥2 ) ⊗ E) supported in
MR, one gets
(2.7)
〈(
DE
F⊕F⊥1 ,β,ε
)2
φ, φ
〉
≥ 1
4β2
dimF (dimF − 1)
(
k˜Fg − 1
)
‖φ‖2 +OR
(
1
β
+
ε2
β2
)
‖φ‖2.
From (2.7), proceeding as the proof of [7, Lemma 2.4], one can get the following
analogue inequality of [7, (2.22)].
Lemma 2.1. There exist C0, R0 > 0, such that for any (fixed) R ≥ R0, when
β, ε > 0 (which may depend on R) are small enough, for any φ ∈ Γ(Sβ,ε(F ⊕
F⊥1 )⊗̂Λ∗(F⊥2 )⊗ E) supported in MR, one has∥∥∥∥∥
(
DE
F⊕F⊥1 ,β,ε
+
f
(
ρ
R
)
ĉ(σ)
β
)
φ
∥∥∥∥∥ ≥ C0
√
δ
β
‖φ‖.(2.8)
Next we recall the construction of the operator P ER,β,ε from [7].
Let ∂MR bound another oriented manifold NR so that N˜R = MR ∪ NR is a
closed manifold. Let H be a Hermitian vector bundle over MR such that (Sβ,ε(F ⊕
F⊥1 )⊗̂Λ∗(F⊥2 )⊗E)+⊕H is a trivial vector bundle near ∂MR, under the identification
ĉ(σ) + IdH .
By obviously extending the above trivial vector bundles to NR, we get a Z2-
graded Hermitian vector bundle ξ = ξ+⊕ ξ− over N˜R and an odd self-adjoint endo-
morphism V = v + v∗ ∈ Γ(End(ξ)) (with v : Γ(ξ+)→ Γ(ξ−), v∗ being the adjoint of
v) such that
ξ± = (Sβ,ε(F ⊕F⊥1 )⊗̂Λ∗(F⊥2 )⊗ E)± ⊕H(2.9)
over MR, V is invertible on NR and
V = f
( ρ
R
)
ĉ(σ) + IdH(2.10)
on MR, which is invertible on MR \MR
2
.
Recall that h( ρ
R
) vanishes near ∂MR. We extend it to a function on N˜R which
equals to zero on NR, and we denote the resulting function on N˜R by h˜R. Let
4
πN˜R : T N˜R → N˜R be the projection of the tangent bundle of N˜R. Let γN˜R ∈
Hom(π∗
N˜R
ξ+, π
∗
N˜R
ξ−) be the symbol defined by
γN˜R(p,w) = π∗
N˜R
(√−1h˜2Rcβ,ε(w) + v(p)) for p ∈ N˜R, w ∈ TpN˜R.(2.11)
By (2.10) and (2.11), γN˜R is singular only if w = 0 and p ∈ MR. Thus γN˜R is an
elliptic symbol.
On the other hand, it is clear that h˜RD
E
F⊕F⊥1 ,β,ε
h˜R is well defined on N˜R if we
define it to equal to zero on N˜R \MR.
Let A : L2(ξ) → L2(ξ) be a second order positive elliptic differential operator
on N˜R preserving the Z2-grading of ξ = ξ+ ⊕ ξ−, such that its symbol equals to
|η|2 at η ∈ T N˜R. Let P ER,β,ε : L2(ξ) → L2(ξ) be the zeroth order pseudodifferential
operator on N˜R defined by
P ER,β,ε = A
− 1
4 h˜RD
E
F⊕F⊥1 ,β,ε
h˜RA
− 1
4 +
V
β
.(2.12)
Let P ER,β,ε,+ : L
2(ξ+) → L2(ξ−) be the obvious restriction. Moreover, the analogue
of [7, (2.34)] now takes the form
ind
(
P ER,β,ε,+
)
=
〈
Â(TM)ch(E), [M ]
〉
.(2.13)
For any 0 ≤ t ≤ 1, set
P ER,β,ε,+(t) = A
− 1
4 h˜RD
E
F⊕F⊥1 ,β,ε
h˜RA
− 1
4 +
tV
β
+A−
1
4
(1− t)V
β
A−
1
4 .(2.14)
Then P ER,β,ε,+(t) is a smooth family of zeroth order pseudodifferential operators
such that the corresponding symbol γ(P ER,β,ε,+(t)) is elliptic for 0 < t ≤ 1. Thus
P ER,β,ε,+(t) is a continuous family of Fredholm operators for 0 < t ≤ 1 with
P ER,β,ε,+(1) = P
E
R,β,ε,+.
By Lemma 2.1 and [7, Lemma 2.4(ii)], proceeding as the proof of [7, Proposition
2.5], one has the following proposition.
Proposition 2.2. There exist R, β, ε > 0 such that the following identity holds:
dim
(
ker
(
P ER,β,ε,+(0)
))
= dim
(
ker
(
P ER,β,ε,+(0)
∗
))
= 0.(2.15)
By (2.13), Proposition 2.2 and [7, Theorem 0.1], one has
(2.16) 0 =
〈
Â(TM)ch(E), [M ]
〉
= rk(E0)Â(M)
+
〈
Â(TM)f∗ (ch(E0)− rk(E0)) , [M ]
〉
= deg(f)
〈
ch(E0), S
2n
〉
,
which contradicts with deg(f)
〈
ch(E0), S
2n
〉 6= 0.
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2.2 The dimension of M is odd
Let M be a compact spin manifold of dimension 2n − 1, with Riemannian metric
g. Let S2n−1r be (2n − 1)-sphere of radius r with the standard metric g0. Let F be
a foliation on M . Let f : M → S2n−1 be a map of non-zero degree and f∗|Γ(F ) is
1-contracting.
Consider
M × S1r
f× 1
r
id−−−−→ S2n−1 × S1 h−→ S2n−1 ∧ S1 ∼= S2n,(2.17)
where S1r is the one-dimensional sphere of radius r, f × 1r id is defined as (f ×
1
r
id)(p, t) = (f(p), t
r
), (p, t) ∈ M × S1, and h is map of non-zero degree. h|F×S1 is
1-contracting.
Consider now the following metric. On M ×S1r , g+ds2 where ds is the standard
metric on S1r ; on S
2n−1 × S1, g0 + ds2 where ds is the standard metric on S1; and
on S2n, g˜ is the standard metric on the unit sphere.
The compose map f˜ = h◦(f× 1
r
id) is of non-zero degree formM2n−1×S1 → S2n.
f˜ |F×S1 is also 1-contracting, for v ∈ Γ(F ),∥∥∥f˜∗(v, t)∥∥∥ = ∥∥∥∥h∗(f∗v, tr
)∥∥∥∥ ≤ ‖f∗v‖+ ∥∥∥∥ tr
∥∥∥∥ ≤ ‖v‖+ 1r‖t‖ ≤ ‖v‖ + ‖t‖.(2.18)
We assume r > 1.
We can now apply the same method used for the even-dimensional case. Con-
struct complex spinor bundles S over M2n−1 × S1r and E0 over S2n, respectively;
and consider the bundle S ⊗ E over M2n−1 × S1r , where E = f˜∗E0.
Choose a basis {f1, . . . , f2n−1, f2n} of (g + ds2)-orthonormal adapted tangent
vectors around x ∈ M2n−1 × S1r such that (∇fk)x = 0 for each k and such that
f1, . . . , f2n−1 are tangent to M
2n−1 and e2n is tangent to S
1
r . As before choose g˜-
orthonormal basis {e1, . . . , e2n} around f˜(x) in S2n. We assume that fi, 1 ≤ i ≤
dimF is a basis of F .
Therefore, we can find positive scalars {λi}2ni=1 such that ei = λif˜∗fi. Then we
have that
1 = g˜ (ei, ej) = g˜
(
λif˜∗fi, λif˜∗fi
)
= λ2i g˜
(
f˜∗fi, f˜∗fi
)
,
thus for 1 ≤ i ≤ dimF ,
1 = λ2i g˜
(
f˜∗fi, f˜∗fi
)
≤ λ2i g0 (f∗fi, f∗fi) ≤ λ2i g(ei, ei) = λ2i(2.19)
and 1 ≤ λ2i .
For i = 2n,
1 = λ22ng˜
(
f˜∗f2n, f˜∗f2n
)
≤ λ22nds2
(
f2n
r
,
f2n
r
)
.
Then
r2 ≤ λ22n.
In this case, (2.7) is replaced by
(2.20)
〈(
DE
F⊕F⊥1 ,β,ε
)2
φ, φ
〉
≥ 1
4β2
dimF (dimF − 1)
(
k˜Fg − 1−
2
(dimF − 1)r
)
‖φ‖2 +OR,r
(
1
β
+
ε2
β2
)
‖φ‖2.
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If k˜Fg > 1, since (2.20) is valid for all r > 1, one also gets ind
(
P ER,β,ε,+
)
= 0.
But the Atiyah-Singer index theorem gives (see (2.13), (2.16))
ind
(
P ER,β,ε,+
) 6= 0.
As in [7, Section 2.5], the same proof applies for the case where F is spin, with
an obvious modification of the (twisted) sub-Dirac operators (cf. [7, (2.58)]), using
[1, Theorem 0.2] in (2.16).
Remark 2.3. (cf. [4], [6]) Recall that a map f : M → N between Riemannian
manifold is (ε,Λk)-contracting if
‖f∗α‖ ≤ ε‖α‖, α ∈ Λk(N).(2.21)
Note that “1-contracting” means (1,Λ1)-contracting.
We have the following immediate consequence.
Theorem 2.4. Let M be a closed Riemannian manifold of dimension n and F
be a foliation on M . Suppose TM or F is spin and there exists a smooth map
f : (M,g)→ (Sn, g0) of non-zero degree such that for any v,w ∈ Γ(F ), ‖f∗v∧f∗w‖ ≤
‖v ∧ w‖. Then there exits x ∈M with k˜Fg (x) ≤ 1.
Proof. It follows form the proof of Theorem 1.3. We only need to point out that
{λi}dimFi=1 satisfy
(2.22) 1 = ‖ei ∧ ej‖g0 = ‖λif∗fi ∧ λjf∗fj‖g0 = λiλj‖f∗(fi ∧ fj)‖g0
≤ λiλj‖fi ∧ fj‖g = λiλj .
Thus λiλj ≥ 1. Then proceeding as the proof of Theorem 1.3, we get Theorem
2.4.
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